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Abstract

Thispaperdescribesan algorithmfor �nding faceswithin
an image. Thebasisof thealgorithmis to run an observa-
tion windowat all possiblepositions,scalesandorientation
within the image. A non-linearsupportvectormachine is
usedto determinewhetheror nota faceis containedwithin
theobservationwindow. Thenon-linearsupportvectorma-
chineoperatesbycomparingtheinputpatch to a setof sup-
port vectors (which canbethoughtof asfaceandanti-face
templates). Each supportvector is scored by somenon-
linear functionagainst the observationwindowand if the
resultingsumis oversomethresholda faceis indicated.Be-
causeof thehuge search spacethat is considered, it is im-
perative to investigatewaysto speedup thesupportvector
machine. Within thispaperwesuggestamethodof speeding
up thenon-linearsupportvectormachine. A setof reduced
setvectors (RV's) are calculatedfrom thesupportvectors.
By consideringtheRV's sequentially, and if at anypoint a
faceis deemedtoo unlikely to ceasethesequentialevalua-
tion,obviatingtheneedto evaluatetheremainingRV's. The
ideabeingthatweonlyneedto applya subsetof theRV'sto
eliminatethingsthatareobviouslynota face(thusreducing
thecomputation).Thekey thenis to explore theRV's in the
right orderanda methodfor this is proposed.

1 Intr oduction

In this paperwe considerthe problem of face detection
within a large collection of images,suchas a large pho-
tographicdatabase,imagesbandiedaboutin emailsor dis-
playedon theinternet.We considerthemostgeneralprob-
lem with no constrainton thepositionof the face,further-
morewe allow the imagesto bemonochromeor colourso
thatcolour informationalonecannotbeusedto reducethe
search(leaving theexplorationof colourcuesto others).

This is a well researchedproblemandtherehave been
a largenumberof differentapproachesto it. Themostsuc-
cessfulhaveincludedthoseof OsunaandGirosi[3] whoap-
pliedsupportvectors(SV's) to theproblem,thatof Rowley
et al [5] who useda neuralnetwork, andthatof Schneider-
manandKanade[6] who pursueda maximumlikelihood
approachbasedon histogramsof featureoutputs.Theone
commonthing to all thesemethodsis thatthey areall based
on runninga 20 � 20 pixel observationwindow acrossthe
imageatall possiblelocations,scalesandorientations.This
involvesahighdegreeof computationas(a)theobservation
window is a400dimensionalvectorthathasto beclassi�ed
in a very non-linearspace(b) therearehundredsof thou-
sandsof positionsto search.

Within this paperwe follow thesupportvectormachine
approachof OsunaandGirosi [3], ournew contributionbe-
ing thesequentialapplicationof thesupportvectorstospeed
up the algorithm, and an algorithm to determinethe or-
derof this evaluation.NonlinearSupportVectorMachines
areknown to lead to excellentclassi�cation accuraciesin
a wide rangeof tasks[7, 10], including facedetection[3].
They utilize a setof supportvectorsto de�ne a boundary
betweentwo classes,this boundarydependingon a ker-
nel function that de�nes a distancebetweentwo vectors.
They are, however, usually slower classi�ers than neural
networks.Thereasonfor thisis thattheirrun-timecomplex-
ity is proportionalto thenumberof SVs,i.e. to thenumber
of trainingexamplesthattheSVM algorithmutilizesin the
expansionof thedecisionfunction. Whilst it is possibleto
constructclassi�cationproblems,evenin high-dimensional
spaces,wherethedecisionsurfacecanbedescribedby two
SVsonly, it is normally thecasethat thesetof SVs forms
a substantialsubsetof the whole training set. This is the
casefor facedetectionwhereseveralhundredsupportvec-
torscanbeneeded.

Therehasbeena fair amountof researchonmethodsfor
reducingthe run-timecomplexity of SVMs [2, 8]. In the
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presentarticle,we employ oneof thesemethodsandadapt
it to thecasewherethereducedexpansionis not evaluated
at once,but ratherin a sequentialway, suchthat in most
casesaverysmallnumberof SVsareapplied.

Thepaperis organisedasfollows: In Section2 thegen-
eraltheoryof supportvectormachinesis reviewedwith em-
phasison non-linearsupportvectormachines.In Section3
it is explainedhow to computeasetof reducedsupportvec-
torsandhow to deduceasuitableorderfor theirevaluation.
The training is explainedin Section4 andthe face�nding
algorithmin Section5. Resultsaregiven in Section6 and
conclusionplusavenuesfor futurework suggestedin Sec-
tion 7.

2 Non-linear Support Vector Ma-
chines

Support Vector classi�ers implicitly map the data
(x1; y1); : : : ; (x ` ; y` ) 2 X � f� 1g (in our case,X is
the 20 � 20 observation window beinga 400 dimensional
integer valued vector) into a dot product spaceF via a
(usuallynonlinear)map � : X ! F; x 7! �( x): F is
often referredto asthe feature space. Although F canbe
high-dimensional,it is usually not necessaryto explicitly
work in that space[1]. There exists a classof kernels
k(x; x0) which canbe shown to computethe dot products
in associatedfeaturespaces,i.e.k(x; x 0) = (�( x) � �( x0)) :
The SV algorithmcomputesa hyperplanewhich separates
the data in F by a large margin. Once this geometrical
problemis cast in termsof dot products,the kernel trick
is usedandthusall computationsin F arereducedto the
evaluationof thekernel. It canbeshown that theresulting
training problemconsistsof computing(for somepositive
valueof theparameterC determiningthetrade-off between
margin maximizationandtrainingerrorminimization)

max
�

X̀

i =1

� i �
1
2

X̀

i;j =1

� i � j yi yj k(x i ; x j ) (1)

subjectto 0 � � i � C; i = 1; : : : ; `;
X̀

i =1

� i yi = 0;

(2)
andthatthesolutionhasanexpansion

f (x) = sgn

 
X̀

i =1

� i yi k(x; x i ) + b

!

: (3)

Thosetrainingexamplesx i with � i > 0 arecalledSupport
Vectors.

Kernelscommonlyusedincludepolynomialsk(x; x 0) =
(x � x0)d, which canbeshown to mapinto a featurespace

spannedby all orderd productsof input features,andthe
GaussianRBFkernel

k(x; x0) = exp
�

�k x � x0k2

2 � 2

�
: (4)

Performance-wise,they have beenfound to do similarly
well; in thepresentpaper, we focuson thelatterof thetwo.
This meansthat supportvectorsact astemplatesfor faces
andanti-faces,thusrelatingnon-linearSV's to vectorquan-
tization.

3 ReducedSetVectors

Assumewe aregivena vector	 2 F , expandedin images
of inputpatternsx i 2 X ,

	 =
N xX

i =1

� i �( x i ); (5)

with � i 2 R; x i 2 X . To reducethecomplexity of evalu-
atingit, onecanapproximateit by a reducedsetexpansion
[2]

	 0 =
N zX

i =1

� i �( zi ); (6)

with Nz � Nx , � i 2 R, andreducedsetvectors zi 2 X .
To thisend,onecanminimize[2]

k	 � 	 0k2 =
N xX

i;j =1

� i � j k(x i ; x j ) +
N zX

i;j =1

� i � j k(zi ; zj ) (7)

� 2
N xX

i =1

N zX

j =1

� i � j k(x i ; zj ):

Thekey pointof thatmethodis thatalthough� is notgiven
explicitly, (7) canbecomputed(andminimized)in termsof
thekernel.

Thesequentialapproachusedhererequiresanextension
of thereducedsetmethod,to computea wholesequenceof
reducedsetapproximations

	 0
m =

mX

i =1

� m;i �( zi ); (8)

for m = 1; : : : ; Nz . The reducedset vectors zi and
the coef�cients � m;i are computedby iterative optimiza-
tion [8]. For the �rst vector, we need to approximate
	 =

P N x
i =1 � i �( x i ) by 	 0 = � �( z). Minimizing thedis-

tancek	 � 	 0k2 between	 and	 0, with respectto z; � , to
give the �rst reducedsetvectorz1 andits coef�cient � 1;1,
usingthemethodsetout in theappendix.

Recallthattheaim of thereducedsetalgorithmis to ap-
proximatea vector	 asin equation(5) by anexpansionof
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the type (6) with Nz > 1. The requiredhigherorder re-
ducedsetvectorszi ; i > 1 and their coef�cients � i , are
obtainedin recursive fashionby de�ning a residualvector

	 m = 	 �
m � 1X

i =1

� m � 1;i �( zi ); (9)

where	 is theoriginal feature-spacevectorde�ned in (5).
Thentheprocedurefor obtainingthe �rst reducedsetvec-
tor z1 is repeated,now with 	 m in placeof 	 to obtainzm .
However, the optimal � from this stepis not used,instead
optimal � m;i ; i = 1; : : : ; m arejointly computed[8]. Fig-
ure1 demonstratestheeffectsontheclassi�cationboundary
of sequentialreducedsetvectorevaluation.Notethatthere
is a law of diminishingreturns,the �rst few RV' s yielding
thegreatestincreasein discrimination.

Figure1: Theresultof thesequentialapplicationof RV's (stars)
to a classi�cation problem,showingthe resultof using1,2,3,4,9
and13RV'sDarker regionsindicatestrongsupportfor theclassi-
�cation.

Thr esholds. For any Nz , the obtainedexpansioncanbe
pluggedinto theSVM decisionfunction(3) to yield f (x) =

sgn
� P N z

j =1 � j k(x; zj ) + b
�

: It is, however, not optimal to
simply re-usethe offset b stemmingfrom the original SV
machine.Reducedsetapproximationsof decisionfunctions
canbeimprovedby recomputingthethresholdsbj basedon
thetrainingsetor somevalidationset[8], to get

f N z (x) = sgn

0

@
N zX

j =1

� j k(x; zj ) + bN z

1

A : (10)

This is especiallytruein thepresentsetting,aswill become
clearin thefollowing.

4 Training

Initially the SVM was trained on 3600 frontal face and
25000non-faceexamplesusingPlatt's SequentialMinimal

Optimisation[4]. The kernel usedwas Gaussian(Equa-
tion 4) with a standarddeviation � of 3.5. The trade-off
betweenmargin maximizationandtrainingerrorminimiza-
tion, was set to 1. The non-facepatcheswere taken ran-
domly on a setof 1000 imagescontainingno faces. The
SVM selected1742supportvectors.

To improve the performanceof the classi�er a second
bout of training was initiated: To decreasethe numberof
falsepositivesthefacedetectorwasappliedonanew setof
100 imageswhich did not containany faces. This gener-
ated110000falsepositive patcheswhich werethenadded
to the training. To decreasethenumberof falsenegatives,
virtual facesweregeneratedandaddedto the training set.
Thesevirtual faceswerecomputedby modifying the con-
trastor by addingan illumination planeto the facesof the
original trainingset. This alleviatestheneedof computing
apre-processingatdetectiontimeandincreasetherun-time
performanceof ouralgorithm.TheSVM wasthenretrained
usingthisnew trainingsetwhichyielded8291supportvec-
tors.Theseweresubsequentlydecreasedto 100reducedset
vectors.Note that a retrainingusingthe misclassi�cations
of a previous training hasbeenshown in [5] to producea
greatlyimprovedclassi�er.

Figure2: First 10 reducedsetvectors. Notethat all vectors can
beinterpretedaseitherfaces(e.g. the�r st one)or anti-faces(e.g.
thesecondone)
.

5 FaceDetectionby SequentialEval-
uation

At detectiontime, each pixel of an input image is a po-
tential face(a large number). To detectfacesat different
scalesan imagepyramid is constructed.If w andh arethe
width and the height of the input imageand L and s the
numberof sub-samplinglevels andthe sub-samplingrate,
respectively, the total numberof patchesto beevaluatedis
Np =

P L
l =1 whs2( l � 1) . Evaluatingthe full SVM or even

the whole set of reducedvectorson all patcheswould be
slow. A largeportionof thepatchescanbeeasilyclassi�ed
usingonly afew reducedsetvectors.Henceweproposethe
following SequentialEvaluationalgorithm,to beappliedto
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eachoverlappingpatchx of aninput image.

1. Setthehierarchy level to m = 1.

2. Evaluateym = sgn
� P m

j =1 � m;j K j + bm

�
whereK j =

k(x; zj ):

3. � if ym < 0, x is classi�ed asa non-faceandthe
algorithmstops.

� if ym � 0, m is incremented.If m = Nz the
algorithmstops,otherwiseevaluationcontinues
at step2.

4. if yj � 0 andj = Nz , thefull SVM is appliedon the
patchx, usingequation3. If theevaluationis positive
thepatchis classi�edasa face.

The main featureof this approachis that on average,rela-
tively few kernelsK j have to beevaluatedat any givenim-
agelocation— i.e., for mostpatches,thealgorithmabove
stopsat a level j � Nz . This speedsup thealgorithmrela-
tive to thefull reducedset(by morethananorderof magni-
tudein thefaceclassi�cationexperimentsreportedbelow).
Notethat in thecaseof gaussiankernels,theapplicationof
onereducedsetvectoramountsto asimpletemplatematch-
ing operation.

Setting offsets. Theoffsetsbm are�x edto obtaina de-
siredpointon theR.O.C.for theoverall sequentialscheme.
Supposean overall falsenegative rate � is required,then,
givena “decayrate” � , we express� asa geometricseries
by settingfalsenegativerates� m for themth level in thehi-
erarchy to � j = � � j � 1 where� 1 = � (1� � ): Now eachbm

is �x edto achieve thedesired� m over avalidationset.The
free parameter� can now be set to maximizethe overall
truepositive rateover thevalidationset.

6 Results

Within this sectionthenew sequentialevaluationalgorithm
is testedfor speedandaccuracy.

SpeedImpr ovement. At detectiontime, due to the se-
quentialevaluationof thepatches,veryfew reducedsetvec-
torsareapplied.Figure3 shows thenumberof reducedset
vectorsevaluatedperpatchesfor differentmethods(SVM,
RSMandSRSM(SequentialReducedSetMachine)),when
the algorithm is appliedto the photo in Fig 4. The Full
SVM andtheRSM evaluateall their supportor reducedset
vectorsonall thepatches,while theSRSMusesonaverage
only 2.8 reducedsetvectorsperpatch.Figure4 shows the
patchesof aninput imagewhich remainafter1, 10,20 and
30sequentialreducedsetevaluationsonanimagewith one
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Figure3: Numberof reducedsetvectors usedper patch for the
full SVM(8291supportvectors),ReducedSetSVMandSequential
ReducedSetSVM(bothat 100reducedsetvector)

Figure4: From left to right: input image, followedby portions
of the image which containun-rejectpatchesafter thesequential
evaluationof 1 (13.3%patchesremaining), 10(2.6%), 20(0.01%)
and 30 (0.002%)supportvectors. Note that in theseimages, a
pixel is displayedif it is part of any remainingun-rejectedpatch
at any scale, orientation or position This explains the apparent
discrepancybetweentheabovepercentagesandthevisualimpres-
sion.

face,�gure 5 shows the resultson an imagewith multiple
faces.

Figure7 shows the numberof reducedsetvectorsused
to classifyeachpatchof an image. The intensitiesvalues
of thepixelsof theright imageareproportionalto thenum-
berof reducedsetvectorsusedto classifythecorresponding
spotin theleft image(notethattheintensitiesaredisplayed
at the centerof the correspondingpatchesonly). The uni-
form partsof theinput imageareeasilyrejectedusingasin-
glereducedsetvector, whereastheclutteredbackgroundre-
quiresmorereducedsetvectors.Notethatvery few patches
neededall thereducedsetvectors(only thepatchescontain-
ing thefacesusedall thereducedsetvectors).

Accuracy. Figure6 shows a comparisonof the accuracy
of thedifferentmethods.TheseR.O.C.werecomputedon
a testsetcontaining800facesand5000non-faces.Theac-
curacy of theSRSM(100reducedsetvectors)is very sim-
ilar to theaccuracy of thefull SVM (8291supportvectors)
andtheRS(100reducedsetvectors)whichperformequally
well.

To compareour systemwith others,we usedthe Row-
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Figure5: Input image, followedby patcheswhich remainafter
the evaluation of 1 (19.8%patchesremaining), 10 (0.74%), 20
(0.06%)and30(0.01%): : : 70(0.007%)supportvectors. Notethe
commentin thecaptionof Fig 4.

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

False Negative

F
al

se
 P

os
iti

ve

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

False Negative

F
al

se
 P

os
iti

ve

Figure6: Left: R.O.C.for theSVMusing8291supportvectors
(dottedline), the RSusing100 reducedsetvectors (dashedline)
and SRSMusingalso 100 reducedsetvectors (solid line). Note
that theSVMandRScurvesare soclosethat they are not distin-
guishable. Right: R.O.C.for an SRSMusing1 (dashedline), 2
(dash-dotline), 3 (dottedline) and4 (solid line) reducedsetvec-
tors.

ley et al. [5] test set (which also includes the Sung et
al. [9] andthe Osunaet al. [3] testimages).This setcon-
sistsof 130 imagescontaining507 faces.We useda sub-
samplingratio of s = 0:7 andthe input imagesweresub-
sampledaslong astheir width andheightwaslarger than
20(i.e. thenumberof levelsin thesub-samplingpyramidis

min
�


o or
�

log (20 =w)
log 0:7

�
; 
o or

�
log (20 =h)

log 0:7

� �
wherew andh

are,respectively, thewidth andtheheightof the input im-
age). We obtaineda detectionrateof 80.7%with a false
detectionrateof 0.001%.Thesenumbersareslightly worse

thanRowley's, Sung's andOsuna's results,althoughthey
are hard to comparedue to the fact that they pre-process
the patchesbeforefeedingthem into their classi�er (his-
togramequalisation,backgroundpixel removal andillumi-
nation gradientcompensation). Our main objective was
speed,henceno pre-processingwas made. Secondly, we
useda differenttrainingsetastheir trainingsetwaspartly
proprietary. Speed�gures are also hard to compare,but
from the informationgiven, we conjecturethat the Osuna
et al. RSsystemis comparablein speedto our RSsystem,
which in turn is 30 timesslower thanour sequentialevalu-
ationsystem(32� s for thesequentialevaluation,1.2msfor
the reducedsetevaluationand26msfor the full SVM per
patchona500MHzPentium).

Figure7: Top left: Theintensityvaluesof the pixelsof the left
image are proportional to thenumberof reducedsetvectors used
to classify their associatedpatchesof the middle image. Light
grey correspondsto the useof a singlereducedsetvector, black
to the useof all the vectors. Top middle: 153� 263 middle im-
agecontains76108patchesandwasdetectedin 2:58s. Top right:
A 601� 444 image containing518801patchesdetectedin 27.9s.
Bottom Left: 1280� 1024 contains2562592patches and was
detectedin 80:1s. Bottom right: A 320� 240 image containing
147289patchesdetectedin 10.4s(Notethefalsepositives).

7 Conclusionand Futur eWork

Patterndetectionsystemsusuallyhaveto scanlargeimages.
Therefore,thegreatestchallengein engineeringsystemsfor
real-world applicationsis that of reducingcomputational
complexity. Within this paperwe have demonstratedcom-
putationalsavingsin classi�cationby theuseof asequential
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reducedsupportvector evaluation. Thereare several av-
enuesfor future research.(a) We have exploredtheuseof
theGaussiankernelasadistancemetric,however it maybe
possibleto tailor thekernelto somethingmuchmoresuited
to facialdetection.(b) It maybethatthecriteriafor choos-
ing thereducedsetof supportvectorscanbeimproved. At
presentthereducedsetof supportvectorsis chosento min-
imize (7), which affectsclassi�cationerroronly indirectly.
However, it might beadvantageousto choosea reducedset
thatminimizesclassi�cationerrordirectly. (c) It would be
interestingto adaptthe thresholdsbasedon contextual in-
formation: for instance,if a faceis detectedin the image,
this placesstrongpriorson thescaleandorientationof any
other faceswe expect to see. This could further speedup
the detection. Finally, althoughthe methodhasbeenim-
plementedfor thetaskof facedetection,it couldbereadily
appliedto awideclassof otherdetectionandclassi�cations
problems.
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G. Rätsch,andA. Smola. Input spacevs. featurespacein
kernel-basedmethods. IEEE Transactionson Neural Net-
works, 10(5):1000– 1017,1999. 1, 3, 3, 3, A, 1

[9] K-K. SungandT. Poggio.Example-basedlearningfor view-
basedhumanfacedetection.In ProceedingsfromImageUn-
derstandingWorkshop, Monterey, CA, November1994. 6

[10] V. Vapnik. The Nature of Statistical Learning Theory.
Springer, N.Y., 1995. 1

A Computing the �rst reduced set
vector.

Now thealgorithmfor minimizing thedistancek	 � 	 0k2

in sectionis presented. First, we minimize the distance
between	 and the orthogonalprojectionof 	 onto span
(�( z)) ,








(	 � �( z))
(�( z) � �( z))

�( z) � 	







2
= k	 k2 �

(	 � �( z))2

(�( z) � �( z))
:

(11)

i.e.maximize
(	 � �( z))2

(�( z) � �( z))
; (12)

which canbe expressedin termsof the kernel. Oncethe
maximumis found,it is extendedto theminimumof k	 �
	 0k2 by setting(cf. (11)) � = (	 � �( z))=(�( z) � �( z)) .

For kernelswhichsatisfyk(z; z) = 1 for all z 2 X (e.g.
Gaussiankernels),(12) reducesto

(	 � �( z))2: (13)

For the extremum, we have 0 = r z (	 � �( z))2 =
2(	 � �( z)) r z (	 � �( z)) . To evaluate the gradient in
termsof k, we substitute(5) to get thesuf�cient condition
0 =

P N x
i =1 � i r zk(x i ; z). For k(x i ; z) = k(kx i � zk2)

(e.g.Gaussians,or (kx i � zk2 + 1)c for c = � 1; � 1=2),
we obtain 0 =

P N x
i =1 � i k0(kx i � zk2)(x i � z), lead-

ing to z =
P N x

i =1 � i k 0(kx i � zk2 )x i
P N x

i =1 � i k 0(kx i � zk2 )
: For the Gaussianker-

nel k(x i ; z) = exp(�k x i � zk2=(2� 2)) we thusarrive at

z =
P N x

i =1 � i exp( �k x i � zk2 =(2 � 2 )) x i
P N x

i =1 � i exp( �k x i � zk2 =(2 � 2 ))
; anddeviseaniteration

zn +1 =
P N x

i =1 � i exp(�k x i � zn k2=(2� 2))x i
P N x

i =1 � i exp(�k x i � zn k2=(2� 2))
: (14)

The denominatorequals(	 � �( zn )) and thus is nonzero
in a neighbourhoodof theextremumof (13), unlesstheex-
tremumitself is zero.Thelatteronly occursif theprojection
of 	 on thelinearspanof �( X ) is zero,in which caseit is
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pointlessto try to approximate	 . Numericalinstabilities
relatedto (	 � �( z)) beingsmallcanthusbeapproachedby
restartingtheiterationwith differentstartingvalues.

Without further detail, we note that (14) can be inter-
pretedasa typeof clusteringwhich takesinto accountboth
positiveandnegative data[8].

B Computing higher order reduced
setvectors.

Higher order, reducedset vectors zm ; m > 1 are re-
quiredandeachzm is computedfrom 	 m (de�ned above)
as follows. Equation (14) is applied to 	 m (in place
of 	 ) by expressing	 m in its representationin terms
of mapped input images: 	 m =

P `
i =1 � i �( x i ) �

P m � 1
i =1 � i �( zi ); i.e. we need to set Nx = ` + m �

1, (� 1; : : : ; � N x ) = (� 1; : : : ; � ` ; � � 1; : : : ; � � m � 1), and
(x1; : : : ; xN x ) = (x1; : : : ; x ` ; z1; : : : ; zm � 1).

At eachstep,we computethe optimal coef�cients � =
(� 1; : : : ; � m ) usingProposition1 (notethat if the discrep-
ancy 	 m +1 hasnot yet reachedzero,thenK z will be in-
vertible).

Proposition1 ([8]) The optimal coef�cients � =
(� 1; : : : ; � m ) for approximating 	 =

P `
i =1 � i �( x i )

by
P m

i =1 � i �( zi ) (for linearly independent
�( z1); : : : ; �( zm )) in the2-normaregivenby

� = (K z ) � 1K zx � : (15)

Here, K z
ij := (�( zi ) � �( zj )) andK zx

ij := (�( zi ) � �( x j )) .

Thesolutionvectortakestheform (6).
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